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A2d confined turbulence, flapping wings in 3d

AApplication to passive scalars (turbulent mixing)
AApplications to plasma turbulence (Navier-Stokes + Maxwell eq.)
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Context: Immersed boundary methods

spectral/wavelet solvers

cartesian geometry for Navier-Stokes equ.

277
complex geometry P

\ \ use solver in cartesian

penalty approach A geometry
+ penality term

Different strategies: - surface penalisation, Peskin, '70ies
- volume penalisation, Caltagirone, '80ies
- imbedding methods, Glowinski, '‘80ies
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Physically motivated mathematical model
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Penalized equation:

21 c
U, Oﬁ)7 i E)Zu-,7+z(uh-us):0

Volume penalization method is

physicallymotivated
E. Arquis and J.P. Caltagirone, 1984.
C. R. Acad. Sci. Parj$l

AMathematicallyjustified
P. Angot, C.H. Bruneau and P. Fabi899.

Numer. Math81

G. Carbouand PFabrie 2003.
Adv. Diff. Equation$
wEasyto-implement

K. Schneider, 2008Comput Fluids 34

Hydrodynamic force
Flr=p (u du

pﬁ h C dt
us T pointwisevelocity of the solid

u. 7 velocity of the center of the solid
V.1 volume of the solid
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Initial Boundary Value Problem
In complex geometry

Lu=f for xecff

with bu = g at 992y (Plus initial conditions)

$2f

with Lbeing, e.g. the Laplace operator, MavierStokes or Maxwell operator
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Penalized problem in simple geometry

1
Lupy=f——x(bu—g) for xecQ=Q;UQ;

7]
Penalization (modeling) error: || u — uy ||ox n®

NS

S
L




AixMarseille
universite

Discretized penalized problem

1
LNu) = N = \N(bu—g) for zeQ
7

with Az ~ 1/N

B
Discretization error: || u, — ul) || (%)

Total error = modeling error + discretization error

N N
| w— Uny [<|| w—up || + | uy — Uy |



Some analysis: a simple example
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Let us consider the one-dimensional Poisson equation

d?w(x)

-0 = (@)

with z € Q =]0, 7[, homogeneous Dirichlet boundary conditions

and the right-hand side given by a sinusoidal function
f(z) = m*sinma.
The exact solution to this problem is

w(xr) = sinmaz,
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Exact solution of the penalized
1d Poisson equation

Let us now solve this problem approximately using the volume penalization method.
The domain is extended to T = R/27Z. The Poisson equation is modified by adding the

penalization term, Penalization term
—" 1 (5)

where ” denotes the second derivative with respect to z. f is extended naturally through T
using the original formula (3) and the mask function is

0, x¢€]0,7
Y = 1/2, 2=0, z=m (6)
1, z€|m 27

Periodic boundary conditions are imposed at * = 0 and x = 27. The exact solution to the
penalized problem 1s

| ) sinmz + Az + Ay, z e [0, .
v(z) = liiii sinmz + Bie VT + Bye*VT x € 1, 27| (7)

10
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Exact solution of the penalized
1d Poisson equation (3)

20

—10+
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0 2 4 6 0 2 4 0 (0 2 4 6
Exact penalized solution (left) fon=2 and its first (center) and
second (right) derivatives.
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Penalization error of the Dirichlet problem

Using the exact solution of the penalized problem the leading
order L2 error with respect to tisrichlet problem is given by

-?'?3\/2 —(—=1)m
— n as n—0
76 Yai ]

£1

where the v behavions consistent with previous studies
by Angotet al., 1999 an€arbouandFabrie 2003.

12



(Aix Marseille

Discretization error of the penalized equation

The penalized problem scretizedvith apseudospectrdtourier
methodusingN grid points. For the L2 error between the discrete
solution and the exact solution of the penalized problem we get,

3/ 2 1
_mm _ )
g9 ~ K as n—0, nN? — oo,

3v2 /IN?

whereK=2 formeven an&K ° 3.84 form odd.

TheN-2 behavior is related to the regularity the exact
penalized solution as observed by Min & Gottlieb 2003
for elliptic equations with discontinuous coefficients.

13
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How to choose h?

Combining the two estimates we get a bound for the total error
between the discretgenalized solution and the exact solution
of theDirichlet problem'

?;?\/2— — \/T i mm3/2 1
NG W2 N
Whenh is chosen with the right order of magnitude, he. 1/N,
In order to optimize the preceding estimate, then the resulting er
1
which suggests that the penalization method with Fourier
discretizations a first order method.

e < e14Eg ~ as 1 — 0. \/ﬁN2 — 00
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Convergence of the Fourier collocation method

Penal. +discret error

Discret error
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Error with respect to the exdbirichlet solution in the interior of
the fluid domain (left) and with respect to the penalized solutiot
In the whole domain (right).
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The volume penalization method

for fixed (anrd-movihrg) obstacles

Navier-Stokes equations

Ve

16
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Two- and three-dimensional formulations

Two-dimensional model;

Lw, +, BQv,- n%),,weg‘%(uh us)_gOc
D2y, W, : )
u="b Y U

w,=baua,

Three-dimensional model:

hu, #, @, + E)?/PZ'/“'F%(U/; U,) =0
Bp =@pPu, L) 0

P, =P, ﬂz/lz
¥,= DU,

17
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Numerical method

APseudespectral Fourier

. R é e
discretization in space
(periodic boundary conditions) : s
Fast Fourier Transform € ipIEis €
AExact integration of the viscous termn=N,1= :
(method of integrating factors) & T 6

- 2 — — e ERN
p‘t@ -H‘*k| ﬁ IE( )/ ny=0

n=0 €& n=N-1 @

AAdaptive 29 order AdamsBashforth
time-stepping scheme

Ref.: K. Schneider, 200&omput Fluids 34
D. Kolomenskiyand K. Schneider, 2009. Comput Phys.228 18
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Application to

2d confined turbulence

19
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2D decaying turbulence in a circular domain

Mask:
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2d decaying turbulence in a circular domain

\orticity,
N=1024&

CUsers\kschnaidh
cuments\TALIC INL_A

21

Ref.: K. Schneider and MEarge Phys. Re\lLett, 95(24), 2005
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2D decaying turbulence in a circular domain

Streamfunction:
t=320 .




(Aix Marse}lle
universite

2D decaying turbulence in a circular domain

Cuts at t=320

Vertical cuts at ix=511

20 T T T T T

—s—vorticity
— 185k
——velocity, u_x
5 —w—velocity, u_y

D 200 400 800 BO0 1000

Vertical cuts of vorticity, and the velocity components together with the mask fu nctiozﬁ
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2D decaying turbulence in a circular domain
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Time evolution of energy E, enstrophy Z and palinstrophy P.
24



AixMarseille
universite

25



