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Outline!

§  The current drive problem in tokamaks!

§  The equations for calculating a rf current source!
§  C3PO/LUKE, a rf current source module for integrated modeling!
§  Numerical simulations for the LH and EC waves (ITER, Tore Supra, JET, TCV)"

§  Advanced studies!
o  Influence of plasma fluctuations on rf current source (TCV, ITER)"

o  Integrated modeling for designing stable MHD scenarios (ITER)"

o  Towards neoclassical current drive simulations!

§  Conclusion and prospects!



The current drive problem 
in tokamaks"



The plasma current: a key parameter for 
tokamak operation!

tokamak!
Toroidal MHD equilibrium"

jplasma ⇥B = rp

Energy confinement"

Key role for stability and performances → winding of the 
magnetic field lines!

Control by an external source of current:"
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Steep pressure gradient ∇p !
+ !

low plasma current Ip !

Steady-state operation → the self-
organized tokamak!

P. -H. Rebut et al., Plasma Phys. Control. Fusion, 35 (1993) A3-A14!
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PLower Hybrid = 20 MW  → ILH = 0.6-1.0 MA (ITER)!

The current drive efficiency is too lowfor achieving  jplasma ≈ jext. with Pext. << Pfusion  !
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Self-organized (advanced tokamak) scenarios !

Iself-generated/Ip ≥ 60% (Iter)!
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§  Self-organized steady-state tokamak operation requires 
integrated tokamak modeling (j↔p)!
!
§  It put high constraints on the level of accuracy that 
should be reached by simulations of rf current drive:"

-  interpretation of the observed phenomenology"
-  reliable prediction capability"

"
§  physics: unified multi-wave description (+synergy), 
consistent momentum/configuration space dynamics, 
neoclassical corrections (high ∇p regimes), local non-
axisymmetric magnetic configuration,…!
!
§  numerics: modular, fast and robust tools with advanced 
algorithms, using latest hardware progresses"

  !The self-organized steady-state tokamak 
and rf-current drive simulations!



l’inductance mutuelle M caractérisant le couplage entre les deux circuits élec-
triques.

Figure 1: Représentation électrotechnique du tokamak vu comme un transfor-
mateur, le plasma jouant le rôle du circuit secondaire

D’après le diagramme (2.1), l’équation du circuit primaire vaut
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On supposera que I
ni

est indépendante du temps et n’est fonction que de
la somme des niveaux de puissances des sources externes mises en jeu. On
néglige donc la contribution des courants de configuration, ce qui constitue une
simplification supplémentaire du modèle, qui est raisonnable tant que la pression
du plasma reste faible.

2.2 Opération à courant total constant
C’est un scénario classique, pour lequel la valeur du courant I

p

est maintenue
à un niveau constant, donc dI

p

/dt = 0. Dans ces conditions, d’après (4),
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l’évolution temporelle du courant dans le circuit primaire vaut

I0 (t) = �R
p

M
I
p

t + I0 (t = 0) (5)

où I0 (t = 0) est la valeur de I0 prise à un temps de référence arbitraire t = 0

sur le plateau de courant. Le courant dans le circuit primaire varie donc de
manière linéaire avec le temps jusqu’à atteindre la limite maximale admissible
par le bobinage. Ce seuil étant atteint, dI0/dt = 0, et le courant plasma ne
peut plus être maintenu, d’où la nature transitoire intrinsèque du tokamak en
utilisant le courant inductif. En règle générale, cette limite n’est jamais atteinte
pour éviter que le circuit primaire ne soit endommagé (fusion des conducteurs),
et au-delà d’une valeur critique plus faible, le courant dans le circuit primaire
est progressivement maintenu constant, conduisant à l’arrêt progressif de la
décharge. En combinant (2) et (5), on déduit facilement l’évolution temporelle
de la tension de contrôle du circuit primaire qui est également linéaire.

Le flux magnétique �

M

étant donné par la relation

�

M

= L0I0 + MI
p

(6)

celui-ci évolue aussi de manière linéaire avec le temps, et sa consommation vaut
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En présence d’une source non-inductive de courant, la consommation de flux
est réduite par rapport au cas inductif simple, puisque
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et la décharge plasma peut durer d’autant plus longtemps que I
ni

est proche de
I
p

. A la limite où I
ni

= I
p

, le régime devient totalement non-inductif, et et la
durée de la décharge n’est plus limitée par la contrainte du flux magnétique.

En pratique, un tel scénario n’est pas satisfaisant pour atteindre de manière
robuste le régime totalement non-inductif. En effet, à puissance P

ni

donnée de
la source de courant externe, le niveau de courant I

ni

peut fluctuer en raison de
la variabilité de l’efficacité ⌘ = I

ni

/P
ni

de la méthode. Au cours de la décharge,
⌘ est susceptible d’évoluer sur des échelles de temps plus ou moins grandes, en
fonction notamment de l’afflux d’impuretés dans le plasma ou de la modification
des profils de densité et de température, ces quantités n’étant pas contrôlées.
Dans ces conditions, même si le niveau prédéfini de P

ni

a été choisi avant la
mise en route de la décharge pour que I

ni

soit le plus proche possible de I
p

,
la condition I

ni

= I
p

n’est presque jamais parfaitement satisfaite au cours de
la décharge. Une certaine quantité de flux magnétique est alors consommée
d’après la relation (8), le courant dans le circuit primaire, et donc la tension V0,
s’ajustant pour fournir la part de courant Ohmique nécessaire pour maintenir
I
p

constant.
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F. Kazarian et al., Plasma Phys. Control. Fusion 38 (1996) 2113–2131!



Un exemple de fonctionnement à courant plasma constant est donné sur la
figure 2.2. Dans le cas présenté, la chute de la tension par tour est rapide,
et dépend principalement de la loi temporelle de montée de puissance hybride.
Une fois que la puissance de génération de courant atteint sa valeur plateau,
l’évolution lente de la tension par tour illustre bien la difficulté à maintenir un
régime parfaitement non-inductif, à savoir V

p

= 0, avec ce mode opératoire.
On passe en effet progressivement d’un régime de recharge du transformateur
V

p

< 0 à un régime non-inductif marginalement établi, V
p

étant légèrement
positif, bien que très faible. L’évolution temporelle du flux magnétique �

M

traduit clairement cette situation.
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Tore Supra, #28340

Figure 2: Evolution temporelle de la puissance hybride, du courant plasma I
p

et de la tension par tour V
p

pour le choc #28340 de Tore Supra. Le mode
opératoire est à courant plasma constant. Lorsque la source de courant hybride
est appliquée, la tension par tour chute très rapidement, car le niveau de la
source externe de courant est comparable à celui par le circuit primaire. A
noter que transitoirement, la tension par tour devient négative, ce qui indique
une recharge du transformateur. Dans ce régime, le niveau de la source de
courant non-inductive évolue avec le temps, et progressivement, la tension par
tour remonte au-dessus de zéro, alors que la puissance hyrbide reste constante.
La signature est bien visible sur l’évolution du flux magnétique qui n’est pas
parfaitement stabilisé. Cela montre que ce type de mode opératoire ne permet
pas d’être exactement sur fonctionnement totalement non-inductif.
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Figure 3: Evolution du courant dans le circuit primaire en fonction de celle
dans le plasma (circuit secondaire) pour le mode opératoire à V0 constant. Les
droites rouge et bleue sont les axes propres du système couplé associées aux
temps caractéristiques ⌧

l

et ⌧
r

respectivement. La droite bleue correspond à la
condition d�

M

/dt = 0. Elle est très proche de la droite bleue associée à la dy-
namique rapide. Quel que soit le point de départ (x0, y0), l’évolution est d’abord
à flux magnétique constant, puis se termine sur l’axe propre correspondant à
l’évolution lente.

L’évolution de x (t) en fonction de y (t) est donnée sur la figure (2.3.2). Les
axes propres correspondant aux évolutions lente et rapide délimitent quatre
domaines de fonctionnement. Selon les conditions initiales, le courant plasma
I
p

peut soit diminuer, soit augmenter. Le cas où I
p

augmente correspond à
une recharge du transformateur, régime difficilement réalisable, nécessitant une
forte puissance pour la source de courant ainsi qu’une excellente efficacité.

Dans tous les cas et comme attendu, les courants circulant dans le système
évoluent d’abord selon la constante de temps rapide, pour laquelle le flux mag-
nétique �

M

reste quasiment inchangée. Puis, les courants approchent de leurs
valeurs d’équilibre (x = 0, y = 0) en suivant l’axe liée à la constante de temps
lente. Si l’on considère qu’il faut attendre 7⇥ ⌧

l

pour que e�t/⌧

l ' 10

�3, et que
pendant cette phase, le flux magnétique �

M

est consommé d’après la relation
(36), on en déduit qu’il est peu probable que le régime totalement non-inductif
soit pleinement établi avant que la valeur limite du courant de contrôle du cir-
cuit primaire I0 ne soit atteinte. Ce scénario n’est donc pas intéressant pour
converger vers un régime non inductif. A titre d’exemple, la décharge #8212
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effectuée sur Tore Supra dans ce mode opératoire est présentée sur la figure
(2.3.2). On constate que le niveau de I

p

n’est toujours pas stabilisé au bout de
20s, la tension par tour restant très élevée, de l’ordre de 0.2V, et la consomma-
tion de flux importante.
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Tore Supra, #8212

Figure 4: Evolution temporelle de la puissance hybride, du courant plasma I
p

et de la tension par tour V
p

pour le choc #8212 de Tore Supra. On notera
la très lente évolution de I

p

lorsque le mode opératoire à V0 = 0 a été mis en
place dès lors que la source non-inductive de courant est opérationnelle. Aucune
convergence n’est observée au bout de 20s, et la tension par tour V

p

reste très
élevée malgré la puissance hybride et la chute du courant plasma.

A noter que pour être d’emblée sur le mode de fonctionnement rapide, J
l0

doit être exactement nul, ce qui implique qu’au moment où la source non-
inductive de courant est activée, la condition suivante soit satisfaite

�V2+x0 + V1+y0 = 0 (55)

soit
�
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x0 +
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⌧�1
0

�
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��1 � �+

⌘
y0 = 0 (56)

qui n’est autre que l’équation (30) pour la valeur propre rapide.

2.4 Opération à flux magnétique constant
Dans ce mode opératoire, la tension du circuit primaire V0 est asservie par
contre-réaction afin de maintenir le flux magnétique �

M

constant. Le circuit
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Convergence towards stationnary regime 
with a non-inductive source of current !
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Figure 5: Evolution temporelle de la puissance hybride, du courant plasma I
p

et de la tension par tour V
p

pour le choc #16379 de Tore Supra. On notera
la perturbation du niveau de I

p

lorsque le mode opératoire à flux magnétique
constant est mis en place, permettant d’atteindre très rapidement le régime
totalement non-inductif. Le flux magnétique est alors parfaitement stabilisé,
traduisant ainsi le fait que l’on peut faire durer ce type de décharge de manière
indéfinie.

Grâce à l’asservissement permettant de travailler à flux magnétique constant,
il est possible de limiter la consommation du flux magnétique et de converger très
rapidement vers un régime totalement non-inductif au sens du fonctionnement
du transformateur. En effet, seule la tension par tour V

p

aux bornes du plasma
est prise en compte dans les calculs, puisque c’est à la frontière du plasma que
la mesure est effectuée. Cependant, pour qu’un régime non-inductif continu soit
pleinement établi dans tout le plasma, il faut considérer la diffusion du champ
électrique à l’intérieur même de la décharge dont le temps caractéristique est
bien plus long que ⌧

A

. C’est l’objet de l’étude au §3.

2.5 Robustesse de fonctionnement
Mise à part le cas où la tension de contrôle du circuit primaire est constante,
les deux autres scénarios constituent les deux seules options crédibles pour faire
fonctionner un tokamak, chacun ayant ses avantages et ses inconvénients.

Si l’on prend en compte la robustesse du fonctionnement de la machine
comme critère de choix, le mode opératoire à courant constant est particulière-
ment adapté, puisque les deux sources de courant, l’une inductive et l’autre
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From a stationnary to a steady-state 
regime: current resistive diffusion!

Le temps caractéristique d’évolution le plus long du champ électrique dans
le plasma est donc ⌧⇤

R

= ⌧
R

/�2
1, et

⌧⇤
R

(1 [keV ]) = 1.7 [s]

⌧⇤
R

(5 [keV ]) = 16.8 [s]

et de ce résultat, on déduit plusieurs conséquences importantes:

• A courant plasma constant et sans source non-inductive de courant, le
champ électrique Ohmique tend à devenir uniforme dans le plasma. Cet
état ne correspond jamais à un régime continu, puisque le flux magnétique
du circuit primaire est limité.

• L’évolution résistive du champ électrique dans un plasma de tokamak est
très lente, et ce d’autant plus que le plasma est chaud et de grande section
a. Cela peut atteindre presque une centaine de secondes au centre du
plasma sachant que la convergence à 10

�3 près est obtenue après 7 ⇥
⌧⇤
R

environ.

• Par l’effet de la température sur la conductivité, le champ électrique dif-
fuse plus rapidement au bord qu’au centre du plasma. Le contrôle de
l’évolution résistive du profil de courant dans la région centrale du plasma
est donc très difficile dès que le plasma devient très chaud.

• L’évolution résistive du profil du courant dont dépend la stabilité MHD
de la décharge nécessite de préformer le profil de courant dès le début de
la décharge, avant même d’avoir atteint un régime stationnaire au bord
du plasma. Sans ce préformage, le plasma peut paraître stable pendant
des dizaines de secondes, puis développer une forte instabilité brutale-
ment, sans nécessairement de précurseur, en raison du temps très long de
relaxation dans la région centrale.

• A contrario, si le profil de courant est le bon pour la stabilité MHD, une
petite perturbation n’aura que peu d’influence, vu l’inertie du plasma vis-
à-vis de l’évolution radiale du profil de champ électrique.

3.3 Source non-inductive de courant
En présence d’une source non-inductive de courant jni

�

, l’équation de diffusion
résistive du courant devient

1

⇢

@

@⇢

✓
⇢
@E

�

@⇢

◆
=

@

@⌧

�
E

�

+ jni

�

/�
�

�
(97)

Supposons qu’en ⌧ < 0, un régime inductif stationnaire soit complète-
ment établi, comme discuté au paragraphe précédent. Dans ces conditions,
E

�

(⌧ < 0) = V
p

/2⇡R en tous points du plasma. On considère un scénario usuel
pour les tokamaks, à savoir

jni

�

(⇢, ⌧) = jni

�0H (⌧) � (⇢� ⇢
ni

) (98)
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1-D" Ampère’s + Faraday’s + Ohm’s law"

Resistive time:"✓
r

R

Z

a

Rp

Vp"

jni�

Stationnary regime: "

Steady-state regime:"

Fundamental eigenmode: "

E� = 0

dIp/dt = 0

⌧⇤r = ⌧r/�
2
1 J1(�1) = 0

⌧r = µ0��a
2

Tore Supra (a = 0.7m) @ Te = 5 keV  "

The current density profile evolves on a very long time scale at high 
temperature → current profile preshaping when the plasma is cold!

��E�

everywhere"

Instantaneous 
plasma response"

⌧r ' 16.8s

j�

dj�/dt = 0



Convergence towards steady-state regime 
with a non-inductive source of current !

Steady-state operation:"

In
je

ct
ed

 e
ne

rg
y 

(G
J)
"

Plasma duration (seconds)"Plasma duration (minutes)"

Record discharge: 6ms 30s, 1.1 GJ!

t � ⌧⇤r � ⌧fast

D. van Houtte et al., Fusion Engineering and Design 74 (2005) 651–658"



Keywords to characterize an appropriate 
method for driving a current in tokamaks!

Current	

diffusion	


Erosion	


Millisecond	
 Second	
 Minute	
 Hour	


MHD	
 Transport	
 Plasma/wall	

equilibrium	


TFR! JET! TORE SUPRA! ITER !

Physics of non-inductive rf current sources"

ω pe
−1 ≤ω ce

−1ω pi
−1 ≤ω ci

−1 τ b,t  τQL,τ coll,τ E( ) ≤ τ art ≤ τ Energy  τT
fast  τ r

*

Time scales and the physics of current 
sources!

transformer"

Current diffusion"

Large time scale separability makes modeling easier ! !
(hot plasma in large machines)"

code modularity"
Y. Peysson and J. Decker, Theory of fusion plasmas, 2008, 1069, AIP, 176-187 !!

confinement"



Particle transport" Current transport"Heat transport"

Toroidal MHD equilibrium!

p(ψt),topology (t’)"

t ≈ t+dt"

Sext(t’’)"

j(ψt),topology (t’)"

p(ψt-dt),j(ψt-dt),topology (t’)"

p(ψt),j(ψt),topology(t’+dt’)"

Sext(t’’)" Sext(t’’)"

t’’ 
≈ 

t’’ 
+ 

dt
’’"

Coherence j(ψ)↔topology "

Integrated tokamak modeling and current 
sources (CRONOS, ITM,…)!

Ψ: poloidal 
magnetic flux"

Quasi-static toroidal MHD equilibrium"

(t’,t’’) < t - dt"

dt < (dt’,dt’’)"

J.F. Artaud et al., Nucl. Fusion 50 (2010) 043001!



§  Steady-state → for continuous operation!
§  Localization → capability to drive a current from the core 
to the edge of the plasma with broad or narrow profiles.!
§  Controlability → for real-time modification of the current 
level and spatial localization from parameters at launch !
§  Efficiency → the smallest possible fraction of fusion 

power is used for driving a current in the plasma!

Keywords to characterize an appropriate 
method for driving a current in tokamaks!

rf waves provide a set of very powerful tools for current drive"



Non-inductive current sources!

Fast electrons (20 → 200 keV) !
(weakly collisional,                )"v � vth

⌘
=

j e
x
t
.

/P
e
x
t
.

v/vth

Resonant acceleration by the oscillating 
electric field of a propagating rf wave!

Current drive efficiency!

: Cyclotronic resonance, ~ 100 GHz (EC)!�v ? B

�v kB : Landau kinetic resonance, ~ 1-10 GHz (LH), ~ 100 GHz (EBW)!

�j
ext.

= n e�v

Continuous operation!

⌫
coll

' Cst ⌫
coll

' T�3/2
e



The equations for calculating 
a rf current source"



Theory of rf current source!

Maxwell equations"

Boltzmann equations"

wave electric field! Distribution functions!

fs (x,p, t)�E (x,p, t)

J (x, t) = |e|
�

s Zs

⇥⇥⇥
d3pfs (x,p, t)p/�s

P (x, t) =
�

s msc2
⇥⇥⇥

d3p (�s � 1) ⇥fs (x,p, t) /⇥t



§  Boltzmann equation, ion dynamics ignored (me/ms << 1)"

"

"
§  Maxwell’s equations  "

df
dt = �f

�t + ẋ ·�xf + ṗ ·�pf = C (f)

ẋ = v = p/�

⇤⇥E = ��B/�t

⇤⇥B = µ0J� c�2�E/�t

ṗ = e (E + v �B)
Fokker-Planck 

collision operator"
O (1/ log �)

Coulomb force"



Space- and time-scale ordering !

⇥/⇥t = ⇥/⇥t�,� + �2⇥/⇥tb

§  Small parameter expansion:"
§  In tokamaks, Coulomb collisions "⇥/� � �2

�x = �x� + ��xT + �2�xR

Gyro-motion" Orbits"Radial transport"

�2 � ⇥/R � ⇤b/�

Bounce frequency!



§  Expansion in power of δ"

f = f0 + �f1 + �2f2 + ...

B = B0 + �B1 + �2B2 + ...

E = E0 + �E1 + �2E2 + ...

J = J0 + �J1 + �2J2 + ...

C = �2C2 + ...

§  Magnetic equilibrium: "E0 = 0

Small parameter expansion!



§  to order δ0"

⇥f0/⇥t�,� + v ·�x�f0 + �⇥f0/⇥� = 0

J0 (x, t) = e
���

vf0 (x,p, t) d3p

Equilibrium magnetic field and current:"

gyro-independent"

⇥xR �B0 = µ0J0

Zero-order scale: magnetic equilibrium!



§  to order δ1"

⇥f1/⇥t�,� + v ·�x�f1 + �⇥f1/⇥� =

�e [E1 + v ⇥B1] ·⇤pf0 � v ·⇤xT f0

J1 (x, t) = e
���

vf1 (x,p, t) d3p
constitutive"
relation"

conductivity tensor"

= S(f0) · E1

First order scale: wave dynamics!



Maxwell equation linear in E1:"

⇥x� �⇥x� �E1 + µ0S (f0) · �E1/�t�,�

+c�2�2E1/�2t�,� = 0

First order scale: wave dynamics!



§  to order δ2"

⇥f2/⇥t�,� + v ·�x�f2 + �⇥f2/⇥�+

e [E2 + v �B2] ·⇥pf0+

e [E1 + v �B1] ·⇥pf1 = C (f0)

Using linear relation between f0 and f1 (order δ1) + 
averaging over fast time scales → slow time scale 
evolution of f0."

�f0/�tb + v ·�xRf0 + v ·�xT f1+

Second order scale: guiding-center dynamics!



Quasilinear kinetic equation!

�f0/�tb + vcg ·�xRf0+

Q (f0) � ⇥p · (Dql ·⇥pf0) Dql � ||E1| |2

= C (f0) + Q (f0) + T (f0) + E (f0)

E (f0) = �⌅p

�
e ⇥E2⇤�,� · f0

⇥

T (f0) � ⇥xT · (Dx ·⇥xT f0)



Linearization  of the electron-
electron collision operator!

Chapter 4

Detailed description of physical

processes

4.1 Coulomb collisions

4.1.1 Small angle scattering

4.1.2 Linearized collision operator

The collision operator used in the calculations may be expressed as1

C (f) =
∑

s

∑

s′

C (f, fss′) + C (f, f) (4.1)

where
∑

s

∑
s′ C (f, fss′) describe interactions between electrons and ions of species s in

the ionization state s′ and C (f, f) is the self-collision contribution, as discussed in Ref.
[17]. For the electron-ion collisions, it is considered that fss′ is a Maxwellian distribution
function, the corresponding temperature being Tss′. In the application of the code here
foreseen, including RF heating and current drive, collisions dominate thermal particles,
and therefore the distribution function f may be expanded about the Maxwellian fM

according to the relation
f ! fM + δf (4.2)

The self-collision operator C (f, f) may be consequently approximated by its linearized
form

C (f, f) ! C (f, fM ) + C (fM , f) (4.3)

1The Fokker-Planck collision operator is here considered, corresponding to small angle scattering. For
very energetic electrons, i.e. when namely the kinetic energy exceed the Coulomb logarithm ln Λ† =
ln (λD/b) , large deflections must be taken into account. Here λD is the Debye length. Indeed, the impact
parameter b = re/β

†2
th, which measures the mean effective distance between two colliding particles is

always very large as compared to the classical electron radius re, since β†
th ! 1. However, for very energetic

electrons, the impact parameter may reach b = re, when electrons become highly relativistic. Consequently,
since the potential energy is close to the kinetic energy, π/2 deflections may occur much more frequently.
Since this effect is beyond the Fokker-Planck approximation and only concerns a small fraction of the
total number of electrons in the plasma, it is described by a source term SR which becomes significative
for electrons which runaway when the Ohmic electric field is large, like in the ramp-up phase or during a
disruption.
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4.1. Coulomb collisions 4. Detailed description of physical processes

where the the relation C (fM , fM ) = 0 has been used, and terms of order δf2 have been
ignored. It can be shown that the operator C (f, fM) may be computed as C (f, fss′) and
expressed in a conservative form

∑

s

∑

s′

C (f, fss′) + C (f, fM) → ∇p · Sp (f) (4.4)

where component Sp and Sξ of the flux Sp are

Sp = −Dpp
∂f0

∂p
+

√
1 − ξ2

p
Dpξ

∂f0

∂ξ
+ Fpf0 (4.5)

Sξ = −Dξp
∂f0

∂p
+

√
1 − ξ2

p
Dξξ

∂f0

∂ξ
+ Fξf0 (4.6)

In the standard notations used in Ref. [18]





Dpp = A (ψ, p)
Dpξ = 0
Dξp = 0
Dξξ = Bt (ψ, p)

(4.7)

and {
Fp = −F (ψ, p)
Fξ = 0

(4.8)

The term C (fM , f) requires is specific treatment. By expanding f as a sum of Legendre
harmonics according to the relation

f (t,X, p, ξ) =
∞∑

m=0

(m + 1/2) f (m) (t,X, p)Pm (ξ) (4.9)

with

f (m) (t,X, p) =

∫ +1

−1
f (t,X, p, ξ)Pm (ξ) dξ (4.10)

one obtains

C (fM , f) =
∞∑

m=0

(m + 1/2) C
(
fM , f (m) (t,X, p) Pm (ξ)

)
(4.11)

By definition, f (m=0) (t,X, p) $ fM and, since P0 (ξ) = 1,

C
(
fM , f (m=0) (t,X, p) P0 (ξ)

)
$ C (fM , fM) = 0,

The first non-zero term in the series is then kept, so that

C (fM , f) $ C

(
fM ,

3

2
ξf (m=1) (t,X, p)

)
(4.12)

since P1 (ξ) = ξ. By construction the linearized electron-electron collision operator con-
serves momentum, but not energy, so there is no need to introduce an energy loss term
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By construction the linearized electron-electron collision operator 
conserves particles, momentum, but not energy, so there is no need 
to introduce an energy loss term in the Fokker-Planck equation.!

for the electrons"

First term of the Legendre 
polynomials expansion of the 
electron distribution function!

C.F.F. Karney, Comp. Phys. Rep., 1986, 4, pp. 183-244!



§  quasilinear approximation valid for small wave field 
amplitude"
§  no electron trapping in the rf wave field (collisions)"
§  Guiding center approximation   "

§  pitch-angle cosine:                 "

f0

�
⇤, �,⇥, p⇥, p�

⇥

p = p⇥b̂ + p�

� = p�/p

vcg � p�b̂/� + vD

is function of five coordinates"

(order δ2)"

Range of validity!

Further expansion 
for bootstrap current"



§  axisymmetric configuration          averaging over  "
§  New ordering: low collision or « banana » regime "

§  Thin banana width approximation "
"

�

⇥vD⇥ / ⇥vcg⇥ � 1

{O} � 1
⇥q̃

�
1
2

⇤
⇧

⇥
T

⌅ �max

�min

d�
2⌅

1

|⌃̂·̂r|
r
ap

B
BP

⇤0
⇤ O

Further reduction of the number of 
dimensions: bounce-averaging!

{vcg ·�xRf0} = 0

� {f0} /�t = {C (f0)} + {Q (f0)} + {E (f0)} + ...

�2 � ⇥� = ⇥⇤b � 1

trapped electrons!
J. Decker, and Y. Peysson, report EUR-CEA-FC-1736, Euratom-CEA (2004) !



Electron orbits!



All the electron dynamics is projected at B = Bmin"

{f0} = f (0)
0 (⇥, p, �0)

3-D!

Reduced configuration space: 3-D!



Tore Supra!

Momentum space dynamics on the magnetic flux surface "

�0T =
�

1� Bmin(�)
Bmax(�)

�

trapped!

passing!passing!

Bounce-averaged electron momentum 
distribution function!



Local reconstruction of the electron 
distribution at any poloidal position!

from the LFS to the HFS regions of the plasma !Fig. 8". The
normalization of the distribution function is kept constant.
Since the distribution function f remains almost unchanged
in the forward and backward directions, the increase of the
HXR emission with the poloidal angle indicated in Fig. 5
arises principally from the perpendicular dynamics in mo-
mentum space. The effect becomes stronger at larger radii,
since the trapped/passing boundary enlarges for high inverse
aspect ratio !#r /R !see Fig. 9". Such a tendency is consis-
tent with the experimental observations, the HFS/LFS asym-
metry being larger when the two maxima of the HXR line-
integrated profile are more distant. The ratio between the
HXR intensities at "=# and "=0 exhibits a parabolic shape
dependence with $, as shown in Fig. 10.

When the local HXR emission is integrated along each

chord, the observed HFS/LFS asymmetry is well reproduced
in amplitude, while the absolute level of the fast electron
bremsstrahlung is close to the experimental observation !Fig.
11". If the local emission at "=0 or "=# is enforced, the
asymmetry almost disappears. The very small difference may
be ascribed to the Shafranov shift, which tends to move to-
ward the LFS region the core region of the plasma. When
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FIG. 7. !Color" 2D contour plot of the electron distribution function f at the
radial position $=0.31 and for three different poloidal angles: !a" "=0 or
LFS, !b" "=# /2 or top position, and !c" "=# or HFS. The dotted lines
represent the boundaries between regions where electrons are trapped !T" or
passing !P". Note that in the HFS location, all electrons are passing. The flat
plateau in the distribution function sustained by the LH wave is clearly
visible in the region p$ %0 !cocurrent". The dotted-dashed lines delimit the
domain where quasilinear diffusion is effective. The red contour lines of f
correspond to electrons that contribute to the bremsstrahlung emission at k
=60 keV. When electrons have a kinetic energy lower than 60 keV !black
contour lines", they cannot be involved in the radiation process and satisfy
energy conservation. Thermal electrons cannot contribute to the nonthermal
bremsstrahlung since the threshold limit k=60 keV !blue circle" is far from
the bulk characterized by black circular contour lines.
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FIG. 8. !Color online" Variation of the distribution function f with the po-
loidal angle " along the p$ =0 axis !solid line", and along the directions
p!=0, p$ &0 !dashed line" and p!=0, p$ %0 !dot-dashed line" at the radial
position $#0.31. Only the perpendicular dynamics is affected by the poloi-
dal effect.
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FIG. 9. !Color online" Relative variation of the fast electron bremsstrahlung
at a photon energy of k=70 keV as a function of the poloidal angle " for
three different radial positions: $=0.14 !solid curve", $=0.28 !dashed
curve", and $=0.44 !dot-dashed curve". The effect is increasing with the
inverse aspect ratio.
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(Tore Supra tokamak)"

used as input for calculating the Legendre coefficients. Since
the pitch-angle grid on which f!t ,! ," , p ,#" is evaluated does
not match the abscissas xj, the distribution function is first
interpolated by a cubic spline method before calculating co-
efficients f !m"!t ,! ," , p". The mean angular width #"e$ of f
being usually larger than #$$e−i%e−e& at energies about
200 keV, the Legendre polynomial expansion up to m=40
for the distribution function offers high margins concerning
the numerical accuracy of all bremsstrahlung calculations.

In pure hydrogen plasmas with an effective charge less
than 2, the e−e contribution becomes significant and may
reach more than 10% above k=100 keV. Even if the relative
part arising from e−e bremsstrahlung vanishes rapidly when
the effective charge of the plasma increases because of the Zs

2

dependence of the e− i cross section, this contribution is al-
ways calculated using the analytic expression derived in the
relativistic first Born approximation.29 The Coulomb correc-
tion is fully considered for a correct description of the tip
region, i.e., when k'Ec.

Several expressions of the bremsstrahlung cross section
may be used for the e− i contribution. For hot hydrogen plas-
mas, the relativistic Bethe–Heitler formula derived also in
the first Born approximation combined with the Elwert factor
for Coulomb corrections is appropriate as far as low Zs ions
like carbon or oxygen are concerned.26,30 Its domain of va-
lidity is %Zs&', where %=qe

2 /(c is Sommerfeld’s fine-
structure constant, ( being Planck’s constant. When much
heavier ions must be considered, such as iron, tungsten, or
molybdenum, the e− i bremsstrahlung cross section calcu-
lated using Sommerfeld–Maue eigenfunctions is more accu-
rate, since its validity holds as long as %Zs&1,30 which is
accurate enough as compared to exact tabulated values.31

Since computing power has dramatically increased, the ex-
pression of the e− i cross section based on Sommerfeld–
Maue eigenfunctions is now systematically used in the
bremsstrahlung calculations.

The fast electron bremsstrahlung is calculated by the nu-
merical code R5-X2 written in the MATLAB language.32 It is an
additional module of the 3−D relativistic bounce-averaged
Fokker–Planck solver LUKE designed for rf current drive
simulations in tokamaks and RFP machines.15 With this tool,
successful simulations of the HXR emission have been per-
formed for the tokamaks Tore Supra, TCV, HT-7, C-Mod,
FTU but also for the RFP machine MST. Examples of the
R5-X2 code capabilities are presented in the next section with
a particular emphasis on the combined role played by the
trapped electrons and the helical winding of the magnetic
field lines on the lack of poloidal uniformity of the fast elec-
tron bremsstrahlung on a magnetic flux surface.

V. FAST ELECTRON BREMSSTRAHLUNG
SIMULATIONS

A. HXR emission during lower hybrid current drive
in the tokamak tore supra

First experimental indications which suggested that the
fast electron bremsstrahlung could be nonuniform poloidally
on a magnetic flux surface were given by the vertical camera
of the HXR tomography, whose chords are probing the HFS

and LFS sides of the plasma with respect to the magnetic
axis.3 When the LH power absorption peaks off-axis, the
line-integrated HXR profile is broad and exhibits usually two
well separated maxima which are placed almost symmetri-
cally with respect to the central chord #42, as shown in Fig.
5 for the helium discharge #28334 at the time slice t=7.2 s
and in the photon energy interval 60–80 keV. In this case,
the plasma current, which reaches 0.7 MA, is fully sustained
by 4 MW of LH power, the mean refractive index parallel to
the magnetic field direction at the antenna being #N(0$=2.0 as
indicated in Ref. 1. For this type of discharge, which is rep-
resentative of the full current drive regimes achieved rou-
tinely during the 1999 experimental campaign,1,33,34 a sys-
tematic excess of the HXR signal is observed in the HFS
region as compared to the LFS one. The relative difference,
which is about 12% as shown in Fig. 5, is beyond the statis-
tical uncertainty associated with the sampling time )t
=16 ms. It tends to increase when the two maxima are more
distant, i.e., when the LH power absorption is increasingly
off-axis. Since 2003, the vertical camera has been tilted by
an angle * /2 and is placed in a horizontal position, so that
chords are now probing the up/down regions of the plasma
with respect to the equatorial midplane.35 For full LH current
drive discharges whose characteristics are almost similar to
those performed in 1999, the two maxima in the line-
integrated emission are well observed, but the levels of the
HXR signals are symmetric. Such a difference suggests that

FIG. 5. Line-integrated HXR emission profile between 60 and 80 keV as
measured by the vertical camera of the tokamak Tore Supra during the
discharge #28334 at time slice t=7.2 s. Statistical error bars correspond to a
sampling time of 16 ms. The vertical dashed line indicates the position of
the chord #42 viewing approximately the center of the plasma. This line
separates the group of chords !21 to 41" probing the HFS side of the plasma
from the other group of chords !43 to 59" probing the LFS region. The thick
line corresponds to the simulation of the discharge using the LH model
introduced in Sec. V A. In this case, fast electron bremsstrahlung calcula-
tions incorporate both the effects of trapped electrons and the helical wind-
ing of the magnetic field lines.
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LUKE 3-D Fokker-Planck solver !
R5-X2 bremsstrahlung code!

HFS"

LFS"

HFS" LFS"

⇠ = �
q
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ITER, scenario IV!

3-D!

Bounce-averaging range of validity!

Fast detrapping (collision, 
turbulence,…)"

Strong collision frequency 
(low temperature plasma)"4-D kinetic codes"

Y. Peysson and J. Decker, Theory of fusion plasmas, 2008, 1069, AIP, 176-187 !!
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wave length " beam width " gradients length"

rf wave ordering and code complexity!



methods for uniform plasmas"
can be applied locally:"

-  Fourier space description!
-  group velocity!
-  local conductivity tensor               !

WKB approximation"Quasi plane wave"
approximation"

E1 (x, t) = Ek,� (x, t) ei[k1(x,t)·x��(x,t)t]

Smooth wavefield envelope!

�� ⇥B

�� R

A wave front exists:"rS = k1

Quasi-plane wave + WKB approximations: ray 
tracing may be applied!

⌅�k1 � vG⌅ / ⌅k1 � vG⌅ ⇥ �/⇥B ⇤ 1

~ narrow spectral width!



|⇤xEk,� · vG| / |Ek,� · vG| � ⇥k1⇥

|⇥Ek,�/⇥t · vG| / |Ek,� · vG|� �

Wave equation"

Dk,� · Ek,� = i�kDk,� : �xEk,�

Wave equation!

Y. Peysson and J. Decker, Theory of fusion plasmas, 2008, 1069, AIP, 176-187 !!



§  dispersion tensor"

§  Permitivity and susceptibility tensors "

"
§  wave refractive index"

"
§  wave polarization vector"

Dk,� = nn� n2I + Kk,� (f0)

Kk,� (f0) = I + Xk,� (f0)
Xk,� (f0) = iSk,� (f0) / (⇥0�)

n = c
�k1n⇥b̂ + n�

ek,� = Ek,�/ �Ek,��

rf physics definitions!



§  Assume ω and n|| are real (rf wave propagates)"

§  weak damping approximation:"

n� = n�r + in�i

Weak damping ordering!

Dk,� = DH
k,� + iDA

k,�

� �
���DA

k,� (i, j)
��� /

���DH
k,� (i, j)

���⇥ 1

where"

Expansion in powers of δ" ek,�

Dk,�
Decker, J. and Ram, A., Phys. Plasmas, 2006, 13, 112503 !



§  to order δ0"

DH
k,� (n�0) · ek,�,0 = 0

dispersion relation satisfied by propagative eigenmodes"

det
�
DH

k,�

⇥
= D(n�0, n⇥,�) = 0

n�0 = n�0

�
n⇥,�

⇥

n�i0 = 0

Ray tracing equations!

no rf absorption at this order !"



§  to order δ1"

vG ·⇥x �E1�+ e�k,�,0·DA
k,�·ek,�,0

⇥(e�k,�,0·DH
k,�·ek,�,0)/⇥�

�E1� = 0

vG ·⇥x �E1�+ e�k,�,0·DA
k,�·ek,�,0

⇥(e�k,�,0·DH
k,�·ek,�,0)/⇥�

�E1� = 0

Equation of energy 
transfer between wave 

and electrons"

Separation propagation/absorption"

Weak damping approximation "

Wave-particle interaction!

Y. Peysson and J. Decker, Theory of fusion plasmas, 2008, 1069, AIP, 176-187 !!



Resonance condition: quasilinear 
self-consistency!

DH
k,� Sk,�principal value of"

§  non-resonant contribution"

DH
k,� (f0) � DH

k,� (fM )

§  resonant contribution"

Sk,�resonant part of"

DA
k,� (f0) �= DA

k,� (fM )
DA

k,�

� � n�p� � n�/⇥ = 0

Decker, J. and Ram, A., Phys. Plasmas, 2006, 13, 112503 !

self-consistency needed !"



C3PO/LUKE,"
a rf current source module 

for integrated modeling"



§  the ray-tracing is function of fM."
§  the wave amplitude, i.e. the quasilinear diffusion 
coefficient Dql must be calculated self-consistently 
with the distribution f0."
§  Global consistency: power lost by the wave = 
power gained by electrons from quasilinear operator!

RT/BT solver! Fokker-Planck 
solver!

DQL"

σ(f0)"
f0!

Wave power!
equation!

r, k, e, S!

Pray!

Pabs!

LUKE!C3PO!

rf current source module!

f0

fM



The ray tracing C3PO: multimodel approach 
based on chain derivatives!

§  Separation between plasma dispersion models and the 
metric associated to the magnetic equilibrium"

"

⇤Xs
ij

⇤Y
=

⇤Xs
ij

⇤n�

⇤n�
⇤Y

+
⇤Xs

ij

⇤n⇥

⇤n⇥
⇤Y

+
⇤Xs

ij

⇤�Ts

⇤�Ts

⇤Y
+

⇤Xs
ij

⇤⇥ps

⇤⇥ps

⇤Y
+

⇤Xs
ij

⇤⇥cs

⇤⇥cs

⇤Y

Y = (X,k, t,�)

⇤Xs
ij

⇤Y
=

⇤Xs
ij

⇤n�

⇤n�
⇤Y

+
⇤Xs

ij

⇤n⇥

⇤n⇥
⇤Y

+
⇤Xs

ij

⇤�Ts

⇤�Ts

⇤Y
+

⇤Xs
ij

⇤⇥ps

⇤⇥ps

⇤Y
+

⇤Xs
ij

⇤�s

⇤�s

⇤Y

�s =
�

kTs/msc2

�ps = �ps/� �s = �s/�

Y. Peysson et al., 2012 Plasma Phys. Control. Fusion 54 045003 !



§  Curvilinear coordinate system:"
§  2-D axisymmetric configuration (cylinder, dipole, torus) + 3-D 
perturbation (nested magnetic flux surfaces)"
§  Vectorization of the magnetic equilibrium: Fourier series + piecewise 
cubic interpolation using Hermite polynomials: no interpolation performed 
at each time step"
§  (4,5) order Runge-Kutta"
§  rays are calculated inside the separatrix. Specular reflexion enforced - if 
needed - at ρ=1."
§  ray calculation are almost stopped when the rf power is linearly damped"
§  cold, warm, hot and relativistic dielectric tensors"
§  written in C (MatLab mex-file)"
§  distributed and remote computing capability (1ray/core, GPU)"

(⇥ (⌅) , �,⇤)

The 3-D ray-tracing C3PO!

{[b1,b2,…]} = remotecomputing(@any_Matlab_function,{a1,a2,a3…},2,{a2_range},computer_id)"

[b1,b2,…] = any_Matlab_function(a1,a2,a3…)"

Computation may be done anywhere !"



The 3-D linearized bounce-averaged 
relativistic Fokker-Planck solver LUKE!

§  Fully 3-D conservative formulation"

�f (0)/�t +⇥ · S(0) = s(0)
+ � s(0)

�

⇤ ·S(0) =
B0

q̃�

⌅

⌅⇤

⇤
q̃�

B0
⇥⇤⇤⇥S(0)

⇥

⌅
+

1
p2

⌅

⌅p

�
p2S(0)

p

⇥
� 1

�p

⌅

⌅⇥0

⇤
�
⇧

1� ⇥2
0S(0)

�

⌅

⇤ ·S(0) =
B0

q̃�

⌅

⌅⇤

⇤
q̃�

B0
⇥⇤⇤⇥S(0)

⇥

⌅
+

1
p2

⌅

⌅p

�
p2S(0)

p

⇥
� 1

�p

⌅

⌅⇥0

⇤
�
⇧

1� ⇥2
0S(0)

�

⌅

momentum space"

configuration 
space"

S(0) = �D(0) ·⇥f (0) + F(0)f (0)

Magnetic ripple losses!
Runaway electron avalanches!

J. Decker, and Y. Peysson, report EUR-CEA-FC-1736, Euratom-CEA (2004) !

Orbit effect!



§  Linearized relativistic collision operator!
§  Kennel-Engelman-Lerche relativistic rf diffusion operator!
§  Curvilinear coordinate system "
§  2-D axisymmetric configuration (cylinder, torus, dipole) "
§  3-D perturbation (nested magnetic flux surfaces)"
§  Non-uniform grids (f and fluxes)"
§  Fully implicit time scheme: stable for large time step Δt!
§  Usual Chang & Cooper interpolation for p grid (fM)!
§  Linear interpolation for radial and pitch-angle grids"
§  Discrete cross-derivatives consistent with boundary conditions 
(stable scheme for Dql >> 1)!
§  Generalized incomplete LU factorization technique for an arbitrary 
number of non-zero diagonals (highly sparse L and U matrices, low 
memory consumption)!
§  written in MatLab"
§  Iterative inversion method (MatLab build-in or external solvers 
MUMPS, PETSc, SUPERLU, PARDISO)"
§  Distributed, parallel and remote computing (GPU for Dql operator)!

( , ✓,�)

The 3-D linearized bounce-averaged 
relativistic Fokker-Planck solver LUKE!



r1

r2 > r1

r3 > r2

15d Radial dynamics

(r1)

(r2)

(r3)

(r4)

(r5)

Momentum 
dynamics

Y. Peysson, et al., 15th Top. Conf. on Radio Frequency Power in Plasmas, 2003, vol. 694 of AIP Conf. Proc., pp. 495–498.!

→ up to 10+6x10+6 entries, highly sparse matrix!

Fokker-Planck matrix to be inverted!



Link between RT and FP codes!

-  The RF wave is described by a set of rays"
-  The plasma is divided into incremental flux surfaces"
-  Dql is calculated on each flux surface (plane wave model):"

-  contribution of all rays"
-  contribution of all passes of the same ray"

Ray power flow equation"

J. Decker, and Y. Peysson, in Proc. 33rd EPS Conf. on Plasma Phys. and Contr. Fusion, 2006.!



Self-consistent quasilinear calculations!



-  The quasilinear convergence is carried out using the power 
flow along each ray (not on the global power absorption profile) ""
-  This technique requires the use of a reduced number of rays 
otherwise numerical convergence becomes weak: LH wave → 
one ray per poloidal antenna row and per significant positive and 
negative lobes. EC antenna → beamlet for Gaussian optics in 
vacuum (plasma effects neglected). 

-  consistency with Fourier theory (spectral width overlap) 
-  considerable reduction of the computational effort 
-  ∆n|| is a physical spectral width (∆n|| dependencies) 

“Few ray” simulations!



Numerical simulations for 
the LH and EC waves"

(ITER, Tore Supra, JET, TCV)"



Linear limit validation (LH, EC)!

In the limit of low RF power level (D≈0), the result from 
the relativistic linear theory is well recovered"

LUKE"

Accuracy ~ 1A/1W level"



The spectral gap is bridged by a small fraction of the LH 
power at high n|| which pulls out a tail of fast electrons from 
the bulk which itself contributes to absorb the remaining 
part of the power at low n|| (toroidal mode coupling by 
refraction)!

LH current drive simulations: the 
spectral gap problem!



-  n|| = 1.9"
- n|| = 2.0"
- n|| = 2.1"

GENRAY - CQL3D: 80 rays" C3PO - LUKE: 3 rays"

v||/c ∝ 1/n|| "

LUKE"

Bonoli, P. T. et al., Proc. of the 21st IAEA Conference, Chengdu, 2006!

Lower Hybrid current drive in ITER: code 
benchmarking!

Scen IV"

PLH = 30 MW"
Directivity = 0.87"

Consistent with Fisch’s theory"



Lower Hybrid current drive  in ITER!

Almost linear single pass absorption gives: results 
independent of the number of rays !"

J. Decker, Y. Peysson et al., Nucl. Fusion, 2011, 51, pp. 073025!

Scen IV"



LHCD in ITER with PAM launcher!
Current drive efficiency, localization!LH WAVE PROPAGATION IN INTER 

 
 
 
Most inward deposition and best 
efficiency are obtained in single-pass 
deposition near the transition 

 
  (n20.I.R/P)  1.25 d/|N||| 2.5 

 
Te( )   30/N||

2 
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•  N||0(opt) = -1.85 @ 5 GHz"
•  Single pass absorption for |N||0| > 1.85"
•  Narrow deposition profile @ ρ ≥ 0.67 "

Even in ITER, weak LH absorption 
damping may occurs at low N||0: ray 

stochasticity → limit of the ray tracing 
model"

PLH = 20 MW"
Directivity (PAM) = 0.70"

Reduction by ~25% because of trapped particles  !

⌘
opt

=
1.25

|N|||2.5
⇥ d ' 0.19⇥ 1020A.m�2W�1



LHCD in ITER !
Quasilinear effects with the power level!

J. Decker, y. Peysson  et al., Nucl. Fusion, 2011, 51, pp. 073025!

Nucl. Fusion 51 (2011) 073025 J. Decker et al
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Figure 4. Scenario 4: (a) comparison between C3PO/LUKE results (solid lines) and estimates (5) and (6) (dashed lines) for the location of
power deposition ρdep and driven current ILH. (b) Variations of the location of power deposition ρdep and the normalized efficiency η/ηlin as
a function of the total power PLH. The reference ηlin is the value obtained for PLH = 10−2 MW. The vertical dashed line indicates the value
PLH = 20 MW.

• Starting from the larger values of |n‖|, LHCD initially
increases as |n‖| decreases for |n‖| > 1.85, while
the corresponding location of power deposition moves
towards the plasma centre. The LH power is absorbed
in a single pass (SP scheme). This evolution of LHCD
with |n‖| is usually expected as lower values of |n‖|
relate to larger values of the electron resonant velocity
|v‖| = c/|n‖| and are thus damped in regions of higher
temperature. In accordance with Fisch’s theory of current
drive [37], faster resonant electrons are less collisional and
thus maintain their momentum for a longer time, resulting
in a larger CD efficiency.

• For |n‖| < 1.85, LHCD decreases rapidly as |n‖|
decreases. The LH wave is reflected back towards the
plasma edge before reaching the absorption layer (MP
scheme). The reflection at the plasma edge [38] is then
followed by a sharp upshift in |n‖| such that the power is
deposited closer to the edge. The strong decrease in LHCD
is mainly due to the fact that the power is deposited at
large, upshifted values of |n‖|, and thus on more collisional
electrons.

The transition from single to MP absorption for |n‖opt| = 1.85
corresponds to the larger driven current ILH = 0.88 MA and
more inward deposition ρdep = 0.67. In order to quantify
the robustness of the CD scheme, additional calculations are
performed using density or temperature profiles that have been
modified uniformly by ±20%. The results, materialized by
errors bars in figure 3(b), show that LHCD is much more
sensitive to these profiles for values of |n‖| near and below
|n‖opt|. A detailed study shows that the temperature profile does
not play a significant role but that the transition value |n‖opt| is
very sensitive to density variations. Indeed, |n‖opt| increases
significantly with electron density. This robustness analysis
combined with the sharp drop in performance for |n‖| < 1.85
shows that it is certainly wise to select a value of |n‖| that
is somewhat higher than the |n‖opt| value associated with the
target density profile.

Estimates of the location of power deposition ρdep and CD
efficiency η can be determined. The location of deposition ρdep

is derived from the strong Landau damping condition

T
(
ρdep

)
= 30

n2
‖

(keV) (5)

while the evolution of the CD efficiency η obtained by fitting
our simulation results is

η = 1.25
|n‖|2.5

d (6)

where d is the directivity. The difference with Fisch’s law (η ∼
|n‖|−2), which accounts for collisional kinetic effects, results
from wave propagation effects as explained in appendix A. The
estimates (5) and (6) are compared with C3PO/LUKE results
in figure 4(a); and the correspondence is very good for the SP
|n‖| ! 1.85 range. When wave reflections on the plasma edge
occur (|n‖| < 1.85), the n‖ value at the location of deposition
differs considerably from the initial n‖, such that predictive
laws are much more difficult to obtain.

Finite-power effects are evaluated by varying the initial
power PLH. The results are shown in figure 4(b). A constant
value of η is found for PLH < 0.1 MW, which characterizes the
linear regime where the distribution is essentially Maxwellian.
We find that the distortion of the distribution function—the
quasilinear effects due to finite-power levels—must be taken
into account for PLH > 1 MW. At the predicted experimental
level PLH = 20 MW, the CD efficiency exceeds the linear
level by 27%, which justifies the use of Fokker–Planck codes
for LHCD calculations in ITER.

For n‖ = −2.0, we find that the current deposition is
centred at ρdep = 0.68 and the CD efficiency is η ≡ 0.16 ×
1020 Am−2 W−1, which is consistent with other available ITER
simulations in similar conditions [7, 8, 33], keeping in mind
that trapped electron effects are accounted for in the present
simulations. For comparison, the same calculation excluding
trapped electron effects yields η ≡ 0.21 × 1020 Am−2 W−1.
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Figure A1. LH wave propagation represented by four rays for the three different cases n‖ = −1.95 (a), n‖ = −1.85 (b) and n‖ = −1.75
(c). The thicker ray portions identify regions of strong power absorption. The evolution of the ray polarization is also indicated.
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Figure A2. Evolution of n‖ versus the distance s along the bottom ray propagation for the three different cases n‖ = −1.95 (a), n‖ = −1.85
(b) and n‖ = −1.75 (c). The thicker ray portions identify regions of strong power absorption, while other lines represent the accessibility
and strong Landau damping conditions, respectively. The evolution of the ray polarization is also indicated.
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-  2 antennas"
-  n||0 =1.7 ± 0.2"
-  Plh = 3 MW"
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Peysson, Y. and Decker, J., Theory of Fusion Plasmas, AIP Conf. Proc., 2008, 1069, 176-187!
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Fast electron bremsstrahlung!
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Lack of robustness of LH current drive 
simulations in the multipass absorption 
regime (most present day tokamaks) when the 
spectral gap is bridged by toroidal N|| upshift → 
Simulations often done well beyond code 
validity: ray stochasticity develops before power 
absorption."
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Full electron cyclotron current drive in TCV!
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Peysson, Y. & Decker, J., Theory of Fusion Plasmas, AIP Conf. Proc., 2008, 1069, 176-187!
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Integrated modeling of an ITB discharge 
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Influence of plasma fluctuations 

on rf current source !
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C Susceptibility tensor and dispersion relation

C.1 Cold plasma model
In the cold plasma model XsC is independent of N. Also, XsC
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D Kinetic plasma model
The kinetic plasma susceptibility tensor XM for a non-relativistic is the sum over contri-
butions from all species
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is the susceptibility tensor and I is the unit tensor.
Introducing the index of refraction

N ⇤ c

⇥
k (12)

the wave equation becomes

N⇥N⇥ Ek + K (N, ⇥) · Ek = 0 (13)

or equivalently
D · Ek = 0 (14)

where D (N, ⇥)
D = NN�N2I + K (N, ⇥) (15)

is the dispersion tensor. The susceptibility X is the sum of contributions from all species

X =
⌅

s

Xs (16)

In the case where the distribution function of the species s is a Maxwellian, Xs depends
upon the following non-dimensional parameters : the refractive index N, the thermal
velocity normalized to the speed of light �Ts = vTs/c where vTs =

⇧
kTs/ms, and the

ratios ⇥ps = ⇥ps/⇥ and ⇥cs = ⇥cs/⇥ of the plasma frequency ⇥ps =
⇧

q2
sns/⇤0ms and the

cyclotron frequency ⇥cs = qsB0/ms to the wave frequency ⇥. Therefore the dispersion
tensor may be expressed in the general form

D =NN�N2I + K (N, �Ts, ⇥ps, ⇥cs) (17)

2.5 Dispersion relation
In order to obtain non-trivial solutions to the Eq. 14, the determinant of the dispersion
tensor must be zero,

D (N, �Ts, ⇥ps, ⇥cs) ⇤ det D (N, �Ts, ⇥ps, ⇥cs) = 0 (18)

which defines the dispersion relation. This relation gives the local electromagnetic eigen-
modes that can be excited independently in the homogenous plasma. By cylindrical
symmetry about the direction of the magnetic field b̂ = B0/B0, D depends only upon the
components of N parallel and perpendicular to the magnetic field, defined respectively as
N⇥ = N ·b̂ and N� =

⇤⇤⇤N⇥ b̂
⇤⇤⇤. Thus, the dispersion relation (18) can be solved for either

⇥
�
N⇥, N�

⇥
, N⇥ (⇥, N�) or N�

�
⇥, N⇥

⇥
. The polarization of any eigenmode resulting from

equation (18) is determined by the corresponding eigenvector of the wave equation (14).
Explicit expressions of the dispersion relation are given in Appendix A1.

2.6 Weak damping approximation
Assuming that ⇥ and N⇥ are given real quantities, (18) generally leads to a complex
N� = N�r + iN�i. Meanwhile, the dispersion tensor D can be generally decomposed as
D = DH + iDA where DH = (D + D†)/2 and DA = (D � D†)/2i are the hermitian and
antihermitian parts of D, respectively. In this work, the weak damping approximation
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⌥
kTs/ms, and the

ratios ⌅ps = ⌅ps/⌅ and ⌅cs = ⌅cs/⌅ of the plasma frequency ⌅ps =
⌥
q2sns/⇧0ms and the

cyclotron frequency ⌅cs = qsB0/ms to the wave frequency ⌅. Therefore the dispersion
tensor may be expressed in the general form

D =NN�N2I+K (N, �Ts,⌅ps,⌅cs) (17)
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ITER, ELMy H-mode (scenario 2)"

where
K (k,⌅) = I+ X (k,⌅) (10)

is the permittivity tensor,
X (k,⌅) =

i

⇧0⌅
S (k,⌅) (11)

is the susceptibility tensor and I is the unit tensor.
Introducing the index of refraction

N ⇤ c

⌅
k (12)

the wave equation becomes

N⇥N⇥ Ek +K (N,⌅) · Ek = 0 (13)

or equivalently
D · Ek = 0 (14)

where D (N,⌅)
D = NN�N2I+K (N,⌅) (15)

is the dispersion tensor. The susceptibility X is the sum of contributions from all species

X =
⇤

s

Xs (16)

In the case where the distribution function of the species s is a Maxwellian, Xs depends
upon the following non-dimensional parameters : the refractive index N, the thermal
velocity normalized to the speed of light �Ts = vTs/c where vTs =

⇧
kTs/ms, and the

ratios ⌅ps = ⌅ps/⌅ and ⌅cs = ⌅cs/⌅ of the plasma frequency ⌅ps =
⇧
q2sns/⇧0ms and the

cyclotron frequency ⌅cs = qsB0/ms to the wave frequency ⌅. Therefore the dispersion
tensor may be expressed in the general form

D =NN�N2I+K (N, �Ts,⌅ps,⌅cs) (17)

⌅ps ⇧ ⌅pe
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2
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⇥X/X

2.5 Dispersion relation
In order to obtain non-trivial solutions to the Eq. 14, the determinant of the dispersion
tensor must be zero,

D (N, �Ts,⇤ps,⇤cs) ⇤ detD (N, �Ts,⇤ps,⇤cs) = 0 (21)

which defines the dispersion relation. This relation gives the local electromagnetic eigen-
modes that can be excited independently in the homogenous plasma. By cylindrical
symmetry about the direction of the magnetic field b̂ = B0/B0, D depends only upon the
components of N parallel and perpendicular to the magnetic field, defined respectively as
N⇤ = N ·b̂ and N⇥ =

⇤⇤⇤N⇥ b̂
⇤⇤⇤. Thus, the dispersion relation (21) can be solved for either

⇤
�
N⇤, N⇥

⇥
, N⇤ (⇤, N⇥) or N⇥

�
⇤, N⇤

⇥
. The polarization of any eigenmode resulting from

equation (21) is determined by the corresponding eigenvector of the wave equation (14).
Explicit expressions of the dispersion relation are given in Appendix A1.

2.6 Weak damping approximation
Assuming that ⇤ and N⇤ are given real quantities, (21) generally leads to a complex
N⇥ = N⇥r + iN⇥i. Meanwhile, the dispersion tensor D can be generally decomposed as
D = DH + iDA where DH = (D + D†)/2 and DA = (D � D†)/2i are the hermitian and
antihermitian parts of D, respectively. In this work, the weak damping approximation
is considered, which is valid if |DA

ij| ⇧ |DH
ij|. In that case, it can be shown ? ] that

|N⇥i| ⇧ |N⇥r| and N⇥r can be determined from solving the approximate wave equation

DH (N⇥r) · Ek = 0 (22)

with dispersion relation

DH �
N⇤, N⇥r, �Ts,⇤ps,⇤cs

⇥
⇤ detDH �

N⇤, N⇥r, �Ts,⇤ps,⇤cs

⇥
= 0 (23)

In this approximation, the time-averaged densities of energy flow S and dissipated power
P can be obtained from

S = �⌅0c

4

⇧

⇧N

�
E�

k · DH · Ek

⇥

P =
⌅0⇤

2
E�

k · DA · Ek

(24)

Note that the imaginary part of the wave vector can be calculated using

N⇥i =
c

2⇤

P

S⇥
(25)

which yields the ray damping. From here on in this paper, k and N will refer to the
zero-order, real solution of (23), and the dispersion relation D to the hermitian part DH.
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•  Fluctuations → time-dependent perturbation of the toroidal 
MHD equilibrium with a characteristic correlation time "

•  The spatial structure of the perturbation is described by a 
linear superposition of independent modes → gyrokinetic 
calculations, MHD !

•  Conditions for a statistical description of the fluctuations are  
considered →"

•  The spatial perturbation is deduced either from a prescribed 
autocorrelation function or from the Wiener-Kintchine 
theorem knowing the power spectrum → experiments "

"

Electron density fluctuation model!

⌧
f

⌧ �t  ⌧
slowing�down

⌧f

Y. Peysson, J. Decker, et al. PPCF, 53 (2011) 124028"



RT/BT solver! Fokker-Planck 
solver!

DQL(t)"

f0(t)!

Wave power!
equation!

r, k, e, S!
Pray!

Pabs!

LUKE!C3PO!

f0(t-Δt)!

fM!
random ne(t)!

~"
Antenna 

code!

Fluctuations far from the place where RF waves are absorbed"

•  time-dependent density perturbation → propagation code "
•  kinetic self-consistency → time evolution of f0"

(J. Decker and Y. Peysson, Euratom-CEA, 2004, report, EUR-CEA-FC-1736) "

Calculation of the rf current source in 
presence of density fluctuations!

Y. Peysson, J. Decker, et al. PPCF, 53 (2011) 124028"



Fast and accurate 
calculations even with 

density fluctuations"

32 Fast Ray Tracing in Toroidal Magnetized Plasmas
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e
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Figure B5. Poloidal projection of the ray trajectory for the LH wave calculated by C3PO with
N�0 = �1.8 (top left). The blue and red curves correspond to the case with and without density
fluctuations respectively. Calculations are performed with piecewise cubic Hermite interpolating
polynomials for the JET-like toroidal MHD equilibrium. The e�ect of the density fluctuations,
though localized at the LFS plasma edge is clearly observed on the parallel refractive index which
exhibits a large upshift as compared to the quiescent case (bottom left). The radial position of
the ray trajectory is also strongly modified by the presence of density fluctuations (top right).
However, the dispersion relation is always well satisfied, even when the ray is reflected at the edge
cut-o� (bottom right).

LH wave, 3.7 GHz"

3-D ray tracing  for the LH wave with 
electron density fluctuations (C3PO)!

Y. Peysson, J. Decker, et al., PPCF, 54 (2012) 045003"

vectorized magnetic 
equilibrium!

+!
analytic description of 
density fluctuations !

no ne fluct."no ne fluct."

no ne fluct."

with ne fluct."
with ne fluct."

with ne fluct."

WKB approx. "

re�l,m,n  k

+"



•  density fluctuations driven by electron drift wave "
•  localization at the plasma edge "
•  ballooning effect (LFS/HFS amplitude)"

The phase is determined 
from the local condition"

W. Horton, Review of Modern Physics, 1999, 71, 3, pp. 735 – 778 !!

Thin fluctuating layer model 
(electron drift wave)!
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4.1 Continuous modulation
If ⇧F (x) is a l = 1 periodic function of x on the interval [�L/2, L/2], it may be
parametrized

⇧F±
� (x) =

1 + ⇥± (1� ⇥) cos [2⌅x/L]

2
(111)

such that ⇧F�
� (0) = ⇥ and ⇧F�

� (x = ±L/2) = 1, ⇧F+
� (0) = 1 and ⇧F+

� (x = ±L/2) =

⇥, where ⇥ is a free parameter ranging from 0 to 1. The case ⇧F±
1 (x) = 1 corre-

sponds to the uniform Gaussian dependence described in Sec.3.1. For ⇧F±
� (x),

the condition ⌅⇧a/⇧a ⇤ ⇤�1
f is always well fullfiled, since ⌅⇧a/⇧a ⇥ L�1 ac-

cording to (111), and the variance of the envelope is

⇤
⇧F±2
� (x)

⌅
=

1

4

�
(1 + ⇥)2 +

1

2
(1� ⇥)2

⇥
(112)

whose value is 0.375 for ⇥ = 0 and 1 for the uniform case.
The e�ect of this form factor is illustrated in Figs. 5, 6 and 7 for the case of

a uniform Gaussian autocorrelation.
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ã

Figure 5: Uniform Gaussian fluctuations characterized by � = 0.005 and ⇧a =
0.1 with full spatial modulation ⇧F�

0 (x), using Nx = 100000 grid points.

For the case ⇧F�
0 (x), the distribution in amplitude for ⇧a(j) (x) is no more a

normal distribution, since small departures from 0 are overweighted as compared
to other amplitudes. This is clearly seen in Fig. 8.
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Electron Cyclotron Current Drive!

•  TCV, fully non-inductive discharge ECCD, Ip = 150 kA, 
PEC ≈ 1.3 MW, X2-mode, three launchers, λ = 0.1, ξf = 1 
cm, 1000 modes, σf ≡ ne/ne = 1.0 et Δ = 0.01ap (size of 
the fluctuating region)."

•  ITER, ELMy H-mode scenario:  PEC = 20 MW, IEC = 180 
kA, O-mode @ 170 Ghz, λ = 0.1, ξf = 1 cm, 1000 
modes, scan σf ≡ ne/ne and Δ (size of the   "

    fluctuating region). "
"
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TCV, #18532, Iexp≈ 150 kA, full ECCD"

no fluctuation"

with fluctuations"
ne/ne ≈ σf = 1.0"
Δ = 0.01ap"
λ = 0.1"
ξf = 1 cm"

1000 modes"

IEC ≈ 350 kA"

⇢

~"

Density fluctuations broaden the EC 
driven current!

IEC ≈ 230 kA"

Y. Peysson, et al. PPCF, 53 (2011) 124028"



•  The reconstructed non-thermal bremsstrahlung count rate (central 
chord) is very close to the experimental HXR signal in the presence of 
fluctuations → good match of CR versus chord number for σf  = 0.2"
"
•  The photon temperature is fairly independent of fluctuations"

Non-thermal bremsstrahlung during ECCD 
in presence of fluctuations!

J. Decker, Y. Peysson, et al., EC-17 workshop (2012) Deurne, The Netherlands"

�f ⌘ ene/ne



•  To reduce IEC by a factor 1.5 :"
•  With Dr0 = 0.4 m2/s, CR decreases by a 

factor 8"
•  With σf =0.2, CR decreases by a factor 2.5"

•  The underlying mechanism is different!
•  Radial transport : fast electrons are generated locally 

then diffuse radially while slowing down at the same 
time (R.W. Harvey, et al., PRL 88 (2002) 205001; P. Nikkola, et al., NF 43 (2003) 1343)"

•  Fluctuations : the location where fast electrons are 
generated fluctuates"

J. Decker, Y. Peysson et al., EC-17 workshop (2012) Deurne, The Netherlands"

Fast electron anomalous radial transport 
vs density fluctuations for ECCD in TCV!

fluctuations!

transport!



±"

⇢ ⇢ ⇢ ⇢

ene/ne = 0.5ene/ne = 0.2ene/ne = 0.1ene/ne = 0

IEC = 180 kA" IEC = 177 kA" IEC = 173 kA" IEC = 166 kA"

Fluctuations broaden EC current profile 
in ITER!

EC power 
absorption!

Δ=2cm"

Y. Peysson, J. Decker, et al. PPCF, 53 (2011) 124028"



separatrix!

ITER, ELMy H-mode scenario, ECCD, O-mode @ 170 GHz "

(R.J. La Haye et al., Nucl. Fusion, 2006, 46, pp. 451–461)!

Edge fluctuations could impact NTM 
stabilization in ITER!

NTM island width W3/2!

Fluctuating region Δ!

⇢

Time-averaged EC power deposition"

For ne/ne >> 10%, NTM stabilization in 
ITER by ECCD may be challenging !"

~"

Y. Peysson, J. Decker, et al. PPCF, 53 (2011) 124028"



Advanced studies"
Integrated modeling for 

designing stable MHD scenarios 
(ITER)"

"



W. Houlberg et al., Nucl. Fusion 45 (2005)!

Control of an internal transport barrier in ITER"
CRONOS-C3PO/LUKE"

•  The internal transport barrier migrates towards the plasma center because of the misalignment 
between the thermal bootstrap current with the total current despite feedback control!

•  The external sources of current cannot compensate and maintain the position of the internal 
transport barrier!

MHD"



Control of an internal transport barrier in ITER"
CRONOS-C3PO/LUKE"

Continuous cyclic scenario solves the 
problem of current source alignment  "

J. Garcia et al., Nucl. Fusion 50 (2010) 025025!



Advanced studies"
Towards neoclassical current 

drive simulations!
"
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Maxwellian plasma" non-Maxwellian plasma"

Unified neoclassical theory for non-Maxwellian plasmas!

§  Exact Hamiltonian (Lie transform)!
§  Large orbits, non-local dynamics!

Cross-physical effects between momentum and 
configuration spaces dynamics (electrons, ions)!

j
plasma

= j
configuration

+ j
ext.

Brizard, et al.., Phys. Plasmas, 2009, 16, 10, pp. 102304 !!

Neoclassical current drive calculations!



3.2. Approche hamiltonnienne, réduction de l’espace des phases

f = T
gc

F F = T�1

gc

f

Espace local Espace centre-guide

Axe des réels
f(z↵) = F (Z↵

)

z↵ Z↵T �1

gc

T
gc

Figure 3.1 – Transformation de coordonnées. Les coordonnées dans l’espace des phases local sont
transformées vers l’espace centre-guide et inversement par les transformations T ±1

gc

(lignes rouge
uni). Les fonctions sont transformées (lignes bleu pointillées) de telle manière que la fonction locale
et la fonction centre-guide donnent le même résultat : f (z↵) = f

�T �1

gc

Z↵

�

= T
gc

F (z↵) = F (Z↵

).

L’expression de la dérivée de Lie pour une forme différentielle (voir appendice C pour les définitions
des opérations) est déterminée à l’aide de l’identité de Cartan (ou formule d’homotopie) [34] :

LG! = ◆G · d! + d (◆G · !) . (3.62)

Ainsi, la dérivée de Lie d’un scalaire (ou 0-forme) est la simple dérivée selon la direction G :

LGf = G↵

@f

@z↵
. (3.63)

Pour une 1-forme différentielle � ⌘ �

↵

dz↵,

LG� =

✓
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@�
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dz� . (3.64)

3.2.3.2 Lagrangien et coordonnées centre-guide

Le lagrangien est ainsi transformé en un lagrangien centre-guide � ⌘ T�1

gc
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+ . . . . En séparant les termes par ordre en ✏
B

et en choisissant une fonction de jauge
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+ ✏
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dS
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+ . . . pour restaurer à chaque ordre l’indépendance en angle de gyration, les
composantes du vecteur générateur G sont calculées en résolvant les équations suivantes :
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. . .
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Near identity Lie transform!

3. Théorie cinétique des plasmas magnétisés

– La gyration de la particule autour des lignes de champ, représentée par p?.
– La dynamique d’orbite décrit l’évolution parallèle des centre-guides.
– La précession des orbites de particules décrit une dérive due à la non-uniformité magnétique

(gradient, courbure magnétiques).
Le but dans la suite est donc d’exprimer un lagrangien indépendant de la dynamique rapide de
gyration (lagrangien � centre-guide �), par une transformation perturbative selon le petit paramètre
⇢
L

/L
B

⌧ 1 correspondant au rapport entre le rayon de Larmor et la longueur caractéristique de
gradient du champ magnétique.

3.2.3 Elimination de la dynamique de gyration : la transformée de Lie
centre-guide

3.2.3.1 Transformée de Lie

A présent, la 1-forme lagrangienne (3.52) est exprimée en séparant les dynamiques parallèles et
perpendiculaires. En affichant l’ordre en ✏

B

⇠ 1/e des termes, on déduit la forme suivante :
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B

�
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1

=
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✏�1

B

qA+ p⇠bb+ p?
⌘

· dx � Hdt. (3.53)

Bien que l’hamiltonien soit indépendant de l’angle de gyration ', le Lagrangien et le crochet de
Poisson en ont tous deux une dépendance explicite due à p?. L’idée d’éliminer les dynamiques
rapides en utilisant des transformées de Lie a été avancée par Littlejohn [34]. Elle permet d’obte-
nir un système hamiltonien centre-guide à partir du système local, possédant les propriétés liées
à un système hamiltonien (conservation de l’énergie, équation de Liouville, ...). En utilisant la
transformation perturbative de coordonnées sur l’espace des phases z↵,

T
gc

: z↵ ! z↵ = exp (✏
B

G) z↵, (3.54)

la 1-forme lagrangienne est transformée par l’opérateur � push-forward � correspondant :

T�1

gc

: � ! � = exp (�✏
B

LG)�. (3.55)

Le champ vectoriel G ⌘ G↵@/@z↵ est appelé générateur de la transformation et LG désigne la
dérivée de Lie selon G, dont l’expression est donnée plus loin. De même, à la transformation de
coordonnées inverse

T �1

gc

: z↵ ! z↵ = exp (�✏
B

G) z↵, (3.56)
correspond l’opérateur � pull-back � sur la 1-forme lagrangienne :

T
gc

: � ! � = exp (✏
B

LG)�. (3.57)

Les transformations sont représentées schématiquement sur la figure 3.1. Ce sont des transforma-
tions proches de l’identité qui permettent de traiter les quantités centre-guide facilement comme
des expansions en ✏

B

.
En effecuant une expansion du générateur G ⌘ ✏
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3. Théorie cinétique des plasmas magnétisés

– La gyration de la particule autour des lignes de champ, représentée par p?.
– La dynamique d’orbite décrit l’évolution parallèle des centre-guides.
– La précession des orbites de particules décrit une dérive due à la non-uniformité magnétique

(gradient, courbure magnétiques).
Le but dans la suite est donc d’exprimer un lagrangien indépendant de la dynamique rapide de
gyration (lagrangien � centre-guide �), par une transformation perturbative selon le petit paramètre
⇢
L

/L
B

⌧ 1 correspondant au rapport entre le rayon de Larmor et la longueur caractéristique de
gradient du champ magnétique.

3.2.3 Elimination de la dynamique de gyration : la transformée de Lie
centre-guide

3.2.3.1 Transformée de Lie

A présent, la 1-forme lagrangienne (3.52) est exprimée en séparant les dynamiques parallèles et
perpendiculaires. En affichant l’ordre en ✏
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Bien que l’hamiltonien soit indépendant de l’angle de gyration ', le Lagrangien et le crochet de
Poisson en ont tous deux une dépendance explicite due à p?. L’idée d’éliminer les dynamiques
rapides en utilisant des transformées de Lie a été avancée par Littlejohn [34]. Elle permet d’obte-
nir un système hamiltonien centre-guide à partir du système local, possédant les propriétés liées
à un système hamiltonien (conservation de l’énergie, équation de Liouville, ...). En utilisant la
transformation perturbative de coordonnées sur l’espace des phases z↵,

T
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la 1-forme lagrangienne est transformée par l’opérateur � push-forward � correspondant :
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Le champ vectoriel G ⌘ G↵@/@z↵ est appelé générateur de la transformation et LG désigne la
dérivée de Lie selon G, dont l’expression est donnée plus loin. De même, à la transformation de
coordonnées inverse
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Les transformations sont représentées schématiquement sur la figure 3.1. Ce sont des transforma-
tions proches de l’identité qui permettent de traiter les quantités centre-guide facilement comme
des expansions en ✏
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et les opérateurs � push-forward � et � pull-back � deviennent :
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⇠ 1/e des termes, on déduit la forme suivante :

� ⌘ ✏�1

B

�

0

+ �

1

=

⇣

✏�1

B

qA+ p⇠bb+ p?
⌘

· dx � Hdt. (3.53)

Bien que l’hamiltonien soit indépendant de l’angle de gyration ', le Lagrangien et le crochet de
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Vectorial field generator G!

Local space" Guiding-center space"

Derive an exact guiding-center Hamiltonian and Poisson bracket"

Brizard, et al.., Phys. Plasmas, 2009, 16, 10, pp. 102304 !!

Bounce-center space"



Convection vector and diffusion tensor 
in the thin orbit approximation!
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1.13.8 Calculation of Dp⇠0
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1.14 Thin-orbit approximation

In the thin-orbit approximation, ✏ ⌘ �
 �  

�
/ ⌧ 1. The guiding-center coefficients can therefore be expressed,

neglecting terms in ✏✏ and ✏2 :
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J. Decker, Y. Peysson, et al., Phys. Plasmas 17, 112513 (2010) "
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where ⌫l, ⌫t, Dl, Dt and D⇥are function of ( , ✓, p, ⇠).

1.15 Guiding-center gyro-radius vector ⇢✏

The particle position reads

x = X+ ⇢✏ = T�1
✏ X = X� ✏Gx

1 � ✏2
✓
G

x

2 � 1

2

G↵
1
@Gx

1

@z↵

◆
+ . . . (1.125)

We can deduce using ⇢✏ ⌘ ⇢0 + ⇢1 + . . .:

⇢1 = �G

x

2 +

1

2

G

x

1 ·rG

x

1 +

1

2

G⇠
1

@Gx

1

@⇠
+

1

2

G'
1

@Gx

1

@'
(1.126)
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Using (1.66) and the expressions for G⇠
1 and G'

1 gives

⇢1 =�

p⇠

m⌦
A2 : rbb+ @⇢0

@'
·r lnB +

⇠2

1� ⇠2
bb ·rbb · @⇢0

@'

�
@⇢0

@'

�

1

2

⇢0 ·r lnB +

⇠2

1� ⇠2
bb ·rbb · ⇢0 +

p⇠

2m⌦

⇣
bb ·r⇥ bb� A1 : rbb

⌘�
⇢0

�
"
2p⇠

m⌦
bb ·rbb · @⇢0

@'
� p2

�
1� ⇠2

�

2m2
⌦

2

✓
A2 : rbb+ 1

2

bb ·r lnB

◆#
bb (1.131)

⌘� ↵
@⇢0

@'
� �⇢0 � �bb (1.132)

CHAPTER 1. PHASE-SPACE LAGRANGIAN AND LIE TRANSFORM IN (X, P, ⇠, ✓) COORDINATES 14

1.13.8 Calculation of Dp⇠0
gc = D⇠0p

gc ⌘ ⌦
�

p · D✏ ·�⇠0
↵

Dp⇠0
gc =

Dl �Dt

p2

D
(p✏ ·�p

)

⇣
p✏ ·�⇠0

⌘E
+Dt

D
�

p ·�⇠0
E

+

D⇥
p2

⇣D
(p✏ ·�p

)

⇣
e⇠✏ ·�⇠0

⌘E
+

D⇣
p✏ ·�⇠0

⌘
(e⇠✏ ·�p

)

E⌘
+O �

✏2
�

� 1

p2
(p ·�p

0)

⇣
p ·�⇠0

0

⌘D
G⇠

1

E @

@⇠
(Dl �Dt)�

⇣
�

p
0 ·�⇠0

0

⌘D
G⇠

1

E @Dt

@⇠

� 1

p2

h
(e⇠ ·�p

0)

⇣
p ·�⇠0

0

⌘
+

⇣
e⇠ ·�⇠0

0

⌘
(p ·�p

0)

i D
G⇠

1

E @D⇥
@⇠

+O �
✏2
�

(1.112)
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1.13.9 Calculation of D ⇠0
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We can deduce
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1.14 Thin-orbit approximation

In the thin-orbit approximation, ✏ ⌘ �
 �  

�
/ ⌧ 1. The guiding-center coefficients can therefore be expressed,

neglecting terms in ✏✏ and ✏2 :
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Thin orbit approximation:"

Magnetic non-uniformity:" ✏ ⌘ ⇢/LB ⌧ 1

Classical Maxwellian bootstrap 
current recovered (Lorentz 
collision operator)"

LUKE 2: numerical algorithm of 
LUKE 1 preserved, but more 
off-diagonals elements, 
Jacobian modified, and the 
physical meaning of ξ is no 
more a cosine of the pitch-angle"



Conclusions and prospects!
"



Conclusions and prospects!

§  Simulation of rf current source is a central activity for self-consistent tokamak modeling 
of advanced scenario (ITER) "

§  Using advanced computer technology and powerful numerical algorithms (remote 
computing, multicore, GPU), fast calculations from first principles have been made 
routinely possible for current drive prediction and direct comparison with experimental data 
(synthetic diagnostics) "
"
§  Bounce-averaging put limits in the range of validity in the 3-D Fokker-Planck code 
application: a 4-D code is a challenging physics and numerical issue. "
"
§  A lot of the experimental phenomenology is captured by ray tracing coupled with 3-D 
linearized, bounce-averaged relativistic Fokker-Planck solver."
"
§  The fluctuations of the electron density may strongly modify the picture obtained with 
quiescent plasmas (→ convergence towards gyro-kinetic calculations)"
"
§  Consistency between of self-generated and external sources of current requires 
theoretical development (on going work + numerical developments → LUKE 2): wave-
induced transport, bootstrap/rf wave synergy in steep gradient zones, ion physics, …"


